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MO DAU

Hinh hoc phang 1a mot noi dung co ban ciia Toan hoc va Toan so cap
néi rieng. Cac bai toan vé tam gidc va vé cac bat ding thic hinh hoc trong
tam gidc 1a cac van dé pho bién. Dé gidi quyét cac bai toan do, mot sd
phuong phap dugce stt dung nhu: phuong phap bién hinh (phép quay, tinh
tién, nghich ddo,..), vé thém hinh va diém méi,.. Bén canh d6 viéc sit dung
sO phiic ciing 1a mot phuong phéap rat hieu qua, nhat I1a trong cac bai toan
bat ding thic hinh hoc.

Luan vian trinh bay mot s6 bai toan vé tam giac va bat ding thitc hinh
hoc. Cu thé, noi dung chinh cta luan vin xoay quanh dinh 1y c6 dién
Pompeiu, néi ring ba do dai doan thing néi tit mot diém bat ki trong miit
phang dén ba canh ctia mot tam gidc déu lap thanh ba canh clia mot tam
giac. Cac tinh chat lién quan dén tam gidc d6 cling duge nghién citu; dong
thoi phién ban tong quat ctia Dinh 1y Pompeiu, dinh 1i ddo ctia Dinh 1i
Pompeiu va mot s6 ing dung ciia Dinh 1 Pompeiu ciing duge trinh bay
trong luan van nay. Noi dung chinh ctia luan van gom 3 Chuong:

Chuong 1: Trinh bay Dinh Iy Pompeiu va dinh 1y dao ctia no.

Chuong 2: Trinh bay tong quat héa ctia Dinh 1y Pompeiu.

Chuong 3: Trinh bay tng dung ciia Dinh 1y Pompeiu. Mot s6 van dé lién
quan dén bai toan tam giac ciing duge nhac dén.

Luan van duge thuc hién va hoan thanh tai truong Dai hoc Khoa hoc
— Dai hoc Thai Nguyén duéi sy huéng dan khoa hoc ctia TS. Nguyén Tat
Thing. Qua day, em xin dudc gui 10i cdm on sau sac dén thay gido, ngudi
huéng dan khoa hoc ctia minh. TS. Nguyén Tat Thang, nguoi da dua ra deé
tai va tan tinh huéng dan trong suét qué trinh nghién citu ctia em. Dong
thoi em cling chan thanh cdm on cac thay co gido trong khoa Toan — Tin
hoc truong Dai hoc Khoa hoc, Dai hoc Thai Nguyén, cac thay co da trang
bi kién thiic cho em trong thoi gian hoc tap tai truong, tao moi diéu kién
cho em vé tai liu va thi tuc hanh chinh dé em hoan thanh luan vian nay.



Chuong 1

Dinh 1y Pompeiu

Ba doan thing lap thanh ba canh clia mot tam gidc néu tong do dai
hai canh 16n hon do dai canh thi ba. Trong Chuong nay chi ra mot cach
dung ba canh ctia mot tam giac.

1.1 Dinh ly Pompeiu

Dinh 1y 1.1. (Dinh lyj Pompeiu, zem [5]). Cho tam gidc déeu ABC va M
la mot diém trén mat phofng chita tam gidac do. Khi d6 MA, M B va MC
lap thanh do dai ba canh cia mot tam gidgc. Tam gidc dé suy bién khi va
chi khi diém M ndam trén duong tron ngoai tiép tam gidc.

Trong muc nay ta sé chiing minh nita dau ctia dinh 1y trén, phan con
lai s€ chitng minh trong muc sau.

B 60° C
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Thuc hién phép quay tam C, goc g bién A thanh B. Goi M’ 1a anh cta

M qua phép quay ay. Tt d6 MA = M'B va MM' = MC.
Vay AM'M B ¢6 ba canh v6i do dai la M B, MC, M A.

Dinh nghia 1.1. V6i cac ki hiéu nhu trong Dinh 1y 1.1, ta goi tam giac
v6i do dai ba canh M A, M B, MC' la tam giac Pompeiu.

Nhan xét 1.1. Theo cach chiing minh ctia Dinh 1y 1.1, khi M thudc mién
trong ciia AABC thi tam giac Pompeiu c6 thé xay dung mot cach tusng
minh.

Dinh 1y 1.2. (Dinh lyj Tabrica, xzem [7] ). Cho tam gidc déu ABC va M
la mot diém ndm mién trong cia tam gidc. Khi dé cdc géc va dién tich
cua tam giac Pompeiu duogc ﬂzh\ nhu sau - -
(a) Ba goc cia tam giac la BMC —60°, CMA —60°, AMB — 60°,

\/_

.1 3
(b) Dién tich bang gSAABC — T|MO\2, trong do O la tam cia tam gidc
ABC.

Bb dé 1.1. Cho AABC, vdi G la trong tam ciia tam gide. Cho M bat ki,
ta co:

MA? + MB*+ MC* =3MG” + % (AB®>+ BC* 4+ CA?).

Chiing minh. Ta c6

MA? 4 MB? + MC? = MA? + MB? + MC?
— (J\ch+c?>1)2+ (J\Té+GT§)2+ (J\T(ﬁ(?d*f
= MG? +2MG.GA + GA* + MG? + 2MG.GB
LGB+ M2+ 2MC.GC + GC?
— 3MC? 4 2MC (Gfl +GB+ G&)
L GAY 4+ GB? 4GP
— 3MC? 1+ 2MG.0 + GA? + GB? + GC?
_ 3MC? + GA? + GB? + GC2.

Suy ra
MA®>+ MB* + MC? = 3MG? + GA* + GB* + GC?. (1.1)
Ma
2 (AB? + AC?) — BC?
4

GA? = (ZAn . Lyar 2t
3 9 9




Trong d6 AA’ 1 trung tuyén ké tit dinh A ctia tam giac ABC
Vay
GA? = 2AB? 1+ 2AC” - 1pc?
9 9 9 '

Tuong tu
2 2 1
GB* = ZAB* 4+ “BC? — ~AC?
9 + 9 9 ’
2 2 1
GC? = ZAC* + ZBC* — —AB*.
9 * 9 9
Suy ra ,
GA? + GB* + GC* = 3 (AB* 4+ BC* + CA?). (1.2)
Thay (1.2) vao (1.1) ta co
1
MA* + MB*+ MC* =3MG” + 3 (AB®+ BC* 4+ CA?).
]
Ching minh Dinh ly Tabrica.
A
M
E \\/ G

N

(a) Goi N 1 diém trén mat phing AABC sao cho ABNM la tam giac

déu va tia BC nam gitta hai tia BM va BN. Xét hai tam giac AM B va

BNC, ta co

AB = BC,BM = BN va MBA = 60° — MBC = CBN.

Vay AAMB = ABNC(c.g.c).

Do vay AM = CN, tic la ANMC la mot tam giac Pompeiu.

Ta co e
CMN=CMB—-NMB=CMB —60°,
CNM =CNB—-MNB=CNB —-60°=AMB — 60°.



va

MCN =180° — (CMN + CNM)
= 180° — (CM B — 60° + AM B — 60°)
— AMC — 60°.
(b) Tu phan (a), suy ra

1 —
SAC’MN = §CMMN sinCMN

- %CM.BM. sin (C/M\B _ 600)

— %CM.BM. <sm CMB. 1 — cosCMB. £>

_ i(]M,BM. sin OMB — ?.CM.BM. cosOMB

1 3
= 5SacuB — % (CM? + BM?* —a?),

v6ia = BC = CA = AB.
Tuong tu ta ciing chiing minh duge

1 3
SacuN = §SACMA — % (CM*+ MA*—a?).
va /3
1 3
SACMN = §SABMA g (BM? 4+ MA* — a?).
Cong ba dang thiic trén, ta duge
1 3
3SacmN = 59aap0 — % (2MA? + 2M B* 4+ 2MC* — 3a°) .

Mait khéc, ta c6 cong thiic Leibniz cho AABC véi trong tam G va diem M

1
MA*+ MB*+ MC? =3MG* + 3 (AB®>+ BC*+ CA?).

Khi AABC déu va G = O (tam duong tron ngoai tiép tam giac) va
a’> = AB?> = BC? = AC?, thi

MA?> + MB?> + MC? = 3MO? + da°.



Do dé, ta dugc

1 V3

3Sacun = 58aanc = - (6MO? + 2a° — 3a°)

2
1 3.6 3
= —SAABC — \/_—MO2 + %a?

2 8
V3

Hon ntta Saapc = Ta , nén
1 3v/3 1
3SAcuN = §SAABC — TMOQ + §SAABC-

3v/3
- SAABC - TMO2

[]

Dinh 1y 1.3. (Dinh lij Van Schooten, zem [8]). Cho diém P nam tren
duong tron ngoai tiép tam gidc deuw ABC. Khi dé doan dai nhat trong ba
doan thcfng PA, PB, PC c6 do dai bang téng do dai hai canh con las.

Ching minh.

Gia st diém P nam trén cung nhé BC' ctia dudng tron ngoai tiép tam giac
ABC. Thuyc hién phép quay tam B goéc 60° bién diem C thanh diém A,
vi APB = 60° nén phép quay trén bién diém P thanh P’ thuoc tia PA.
Ta c6 tam gidac PP'B déu, vi vay P’ nam trén doan PA.

Xét hai tam giac AP'B va CPB, ta ¢6

AB = BC,P'AB = BCP.

Ngoai ra
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ABP = CBP (vi cing bang 60° — ﬁB\C)

Do vay
AAP'B = ACPB.
Suy ra
AP = CP.
Vay

PA=PP +PA=PB+ PC.

1.2 BAat dang thic Ptolemy va Pinh 1§ Pompeiu

Bat dang thic Ptolemy lien hé do dai duong chéo véi do dai canh clia
mot ti gide. Tt bat ding thitc Ptolemy ciing suy ra Dinh 1§ Pompeiu va
do do6 cling cho mot chiitng minh khac ctia dinh 1y nay.

Dinh 1y 1.4. (Dinh ly Ptolemy, zem [4]). Néu A, B, C, D la 4 dinh cia
mot i gidc 10i noi tiép duong tron thi

AC.BD = AB.CD + BC.AD.

Nhan xét 1.2. Dinh Iy nay ciing c6 thé phat biéu thanh dinh Iy thuan
va dao

- Thuan: Néu mot t gidc noi tiép trong mot duong tron thi tich ctia hai
dudng chéo bing téng cac tich clia céc cip canh doi dien.

- Dao: Néu mot t1t gidc thoa man didu kién tong cac tich clia cac ciap canh
do6i dien bang tich ctia hai dudng chéo thi ti gidc d6 noi tiép mot duong
tron.

Ching minh Dinh ly Ptolemy.




